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Equation of State for Gaseous Propane
Determined from the Speed of Sound
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An equation of state in the form of a truncated virial series has been developed
for gaseous propane. Second, third, and fourth virial coefficients and their tem-
perature derivatives were calculated from model two- and three-body inter-
molecular potentials, the parameters of which were fitted to experimental values
of the speed of sound in the gas; no other data were used. The resulting model
predicts accurately thermal and caloric properties of the gas over a wide range
of temperatures at densities up to about one-quarter of the critical. The second
and third (but not the fourth) virial coeflicients are in very close agreement with
directly measured values. To facilitate rapid calculation of thermodynamic
properties, a look-up table for the virial coefficients and their temperature
derivatives is provided together with a recommended means of interpolation.
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1. INTRODUCTION

With sufficient attention to experimental method, it is possible to make
measurements of the speed of sound in a gas with probably greater preci-
sion and accuracy than can be achieved for any other thermodynamic
property [1-3]. Consequently, the results of such experiments can form
both a very sensitive test of existing equations of state and an extremely
valuable input to the development of new equations of state. Conven-
tionally, sound-speed data, where available, are considered along with a
wide range of other thermodynamic properties in the development of
empirical equations of state. This approach reflects both the desire to repre-
sent all experimental data to within their uncertainties and the fact that it
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is formally impossible to base an equation of state, even for a single
homogeneous phase, on speeds of sound alone; this remains true whatever
the accuracy of the data.

To determine most other thermodynamic properties from the speed of
sound, independent initial conditions are required as input to an integra-
tion of the differential equations which link the speed of sound to the pVT
surface [ 2, 3]. When initial conditions are available, that approach may be
used to advantage as has been demonstrated by recent results for methane
[2]. ethane [4], and argon [5].

It is possible numerically to propose an empirical parameterisation of
the p VT surface and to fit it to sound-speed data alone. However, as no
initial conditions are specified in this method, there is no guarantee that the
resulting p¥T surface is correct even if the speed of sound is accurately
reproduced. Indeed, there is evidence that, with purely empirical param-
eterisations, the pVT surface may contain quite large errors while still
providing a substancially correct representation of the speed of sound [6].
Thus while this procedure may be useful in some cases, it is unsuitable
for obtaining results of very high accuracy. Nevertheless, it seems likely
that the situation can be improved dramatically by the adoption of a
theoretically based equation of state which has the “correct” functional
form. For example, a perturbed hard-sphere equation of state fitted to the
speed of sound in helium was shown to provide a good representation of
the pV'T surface over a very wide range of conditions [7]. Some recent
results for methane, based on square-well intermolecular potentials, are
also encouraging [10].

At low densities, the pVT surface is known to reduce to the virial
equation of state, the coefficients of which may be determined from the
intermolecular potential-energy functions pertaining to clusters of two,
three, four,... molecules at a time. The present work, which builds on pre-
vious studies [8-10], was undertaken with the objective of establishing a
virial equation of state for gaseous propane that would be useful over a
wide range of temperatures and at densities up to some appreciable fraction
of the critical. The second, third, and fourth virial coefficients are deter-
mined from prescribed two- and three-molecule model potentials, the
parameters of which were fitted to the sound speed data reported recently
by Trusler and Zarari [ 11]. Higher virial coefficients are neglected.

2. THEORY

The speed of sound u is given by the well-known equation

w?=M"(0p/op,) s (1)
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where p is the pressure, p, is the amount-of-substance density, M is the
molar mass, and S is the entropy. In terms of the compression factor
Z=p/p,RT and its isothermal and isochoric partial derivatives, Eq. (1)
becomes

u: = (RT/M)[{Z+pu(aZ/apn)T} +(R/Cl’m){z+ T(aZ/aT)/,"}Z] (2)

Here C,.,, is the molar isochoric heat capacity, which, for a gas, may
written

Pn
Crm=CT —R L, (2T(8Z/3T),, + TA2°Z/oT?), )} p; 't dp,  (3)

where CFT¥_ is the molar isochoric heat capacity of the perfect gas. The

equation of state of a gas may be written

where B, (N=2 3,4,.) are virial coefficients that depend upon tem-
perature only for a gas of constant composition. In terms of this equation
of state, we have

Z+p,0Z/0p,)r=1+2B>p,+3Bp}+4Bp. + --- (5a)
Z+ T(8Z/3T), =1+ (B, + TBY)) p, + (B, + TBY) p?
+(B4+TB&”)p,3,+ (5b)
(Cy—CELV/R= —(ZTB'ZH-I- TZB‘ZZ’) Dy— %(2TB§”+ TZB‘f)) p,z,
— L2TBY + T*B) p3— .. (5¢)

where BY denotes the ith temperature derivative of B .

It is well-known from statistical mechanics that the virial coefficients
are related to the potential energy surfaces of clusters containing two,
three, four,... molecules at a time [12]. An important simplification arises
for rigid (as opposed to flexible) molecules, as in this case the potential
energy may be separated unambiguously into intra- and intermolecular
parts; the virial coefficients are then determined by the latter alone. Further
simplification arises if one assumes that the intermolecular potential energy
is determined only by the positions of the centres of mass, although this is
strictly true only for spherical molecules. We may then write the total inter-
molecular potential energy U of a cluster of N molecules as

N—1 N

U= Z Z ¢(rij)+A¢/\’ (6)

i=1 j=i+l
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where r;; is the distance between molecule i and molecule j. In Eq. (6), ¢ is
the intermolecular potential-energy function of an isolated pair of
molecules and 4¢ is the difference between the total potential energy and
the sum of the pair interaction energies in a cluster of N molecules with
NZ=3.

The present work is concerned with propane which is neither rigid nor
spherical. However, as a working hypothesis, it has been assumed that an
accurate representation of the virial coefficients may be obtained by adopt-
ing the spherically symmetric intermolecular potential model:

$(r)fe=1{6/(n—6)} (ry/r)" — {n/(n—6)}(rn/r)° (7)

This potential, proposed by Maitland and Smith [13], contains the follow-
ing four parameters: ¢, the depth of the potential well; r,, the separation
at which ¢ = —¢; and the shape parameters m and y, which determine the
exponent n through the linear equation

n=m+y{(r/r,)—1} (8)

It is also assumed that (a) only three-body contributions to 4¢, need be
considered; (b) for purposes of evaluating four-molecule cluster-integrals
the exponential of —4¢,/kT may be approximated by [ 14]
exp( —A@4/kT) = 1+ fio3+f12a +f13a + 224 (%)
and (c) 4¢, is given by the Axilrod-Teller triple-dipole term:
A1 =v,25(r1,71373,) 7' (1 + 3 cos 8, cos 8, cos 5) (10)
Here, f,;, =exp{ —d4¢.(r;, ry, ry)/kT} —1, 0, is defined as the angle sub-
tended at molecule i by molecules j and k, and v,,, is a dispersion coef-

ficient.
The vinal coefficients B,, B, and B, are given by [12, 14]

By= —(L2V) | fsdr, dr, (1)
v
B,= —(L*/3V) L/(flzflzfzs_e|z€13923f123)drl dr,dr, (12)

B,= —(L*/8V) IV {f12f23 fraf1a(3+ 613+ 113 f24)

—4e5€11€53(3f24 fra +f|4fz4f34)f|23} dr dr,drydr, (13)
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Fig. 1. Coordinate system for a cluster of four
molecules (@, is the angle between plane 123
and plane 124).

where L is Avagadro’s constant, ¥ is volume, r, is the position vector of
molecule i, e;=exp{—¢(r;)/kT}, and f;=e,;—1. Expressions for the
required temperature derivatives B, are not given here, as they are rather
lengthy, but are easily obtained by differentiation of the integrands in
Egs. (11)-(13).

For computational purposes, the variables of integration may be
expressed in terms of the lengths and angles defined in Fig. 1 as

! L’drI dr,=4n Ll ri, dry, }

y-! L,drl dr, dry =87’ L: ri dr.gf: risdrs erm ros dr

Iriz —rial

b 4

e o o

V! LdrI dr, dry dr, =87n" L' ri, drys L- ¥y dr s J.()» r3, dra;

X Ji. d(cos 65) Jl 1 d(cos 8,) LG dp, )
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3. NUMERICAL METHODS

Parameters in the model pair and triplet potentials were determined in
a nonlinear regression analysis which minimized the dimensionless yx*
statistic defined by

XZ :Z:-V:| {“i_ gy T:"Pi)}z/s,g
N—N,

(15)

Here u; is the /th experimental speed of sound, s, is the estimated standard
deviation of u;, uy is the speed of sound calculated from the model at the
ith state point, N is the total number of points, and N, is the number of
parameters.

u(T,;, p;) was calculated in the following way. First, the virial coef-
ficients B,, B, and B, and their first two temperature derivatives were
calculated as described below from the model intermolecular potentials ¢
and A4¢,. Next, Eq. (4), truncated after the fourth virial coefficient, was
solved for the density corresponding to the temperature 7, and pressure p,
of the state point in question. Then {Z +p (0Z/0p,),}. {Z + T(0Z/OT), },
and C,.,, were calculated correct to the fourth virial coefficient from Egs.
(5a)-(5c), making use of the experimentally determined value of C}¥ (T)),
and finally, u was calculated from Eq. (2).

A slightly modified Levenberg—Marquardt algorithm was employed in
the minimization of x> [15]. This required values of the partial derivatives
of uz (T, p;) with respect to each of the parameters which were determined
numerically by first-order finite differences. However, since the computa-
tional effort required to evaluate B, and its temperature derivatives were
large, while their contributions to u,; were very small, these terms were
held constant during a sequence of iterations. Once an apparent minimum
in the y? surface was reached, B, and its temperature derivatives were
recalculated and the algorithm restarted. This procedure was repeated until
satisfactory convergence was achieved.

The virial coefficients were calculated numerically by Gaussian quad-
rature. Expressions for the temperatures derivatives were obtained by dif-
ferentiation of the integrands in Egs. (11)—(13) and these quantities were
then also calculated by quadrature. This approach avoids the need to
calculate derivatives with respect to T by numerical differentiation and
yields values of T'BY with an accuracy similar to that of B, itself.

In the case of B, and each of its temperature derivatives, the integral
over r,, was divided into the following three regions: [0, r ], [r,, r.], and
[r,, 0], where r, is the solution of ¢(r,)/kT= +30 and r,=16r,. In
the first of these regions, e,, is negligibly small and the integral may be
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evaluated analytically. In the last region, ¢/kT <1 and ¢ ~r~° so that
S22 { —@(ry)/kT}(r,/r)® and the integral may also be evaluated analytically.
The remaining region was divided into six equal panels and a 200-interval
Gauss—Legendre quadrature formula was applied to each. This procedure
was sufficient to yield a numerical accuracy of order + 10~ in B¥* = B,/b,,
where b, = 2nLo?*/3 and ¢ is the value of r at which ¢ crosses zero.

Since the molecules are identical, the domain of integration for B; and
its temperature derivatives may be restricted by holding r,, >r ;= r5; so
that [16]

y-! JV dr, dr, dr,=48n> L» ri2 drs jm Flydr, J’m Fardrsy  (16)

(1/2)ry3 ra—ria

The semiinfinite integral over r,, was truncated at r,,=8r_ and the
remaining region was divided into two domains specified by r,, on [0, r|]
and [r,, 8r,,]. where r, is as defined above. In the first of these domains,
all ¢;’s were set equal to zero and the integral was evaluated analytically.
The integrals in the remaining domain were evaluated by Gauss—Legendre
quadrature, with 200 intervals for »,, and 25 intervals each for r|; and r,;.
This procedure was sufficient to achieve a numerical accuracy of order
+10~* in B¥ = B,/b;. The small remaining numerical uncertainty appears
to arise mainly from the nonadditive part of C, for which the integral
converges rather slowly. However, this uncertainty has negligible effect in
the present calculations.

To evaluate B, or one of its temperature derivatives, a sixfold integral
must be enumerated, and to do this by direct quadrature requires the
investment of a significant computational effort. Efficient algorithms for the
evaluation of such integrals have been described [ 14, 17, 18]. However, as
these require a partial expansion of the integrand in Legendre polynomials,
which is slow to converge at the low reduced temperatures considered here,
an approach based on direct quadrature was preferred. The semiinfinite
radial integrals were each truncated at r;=3a, subdivided into a number
of panels, and evaluated by Gaussian quadrature. The integrals over cos 6,
and cos #, were each enumerated in a single panel by Gauss-Legendre
quadrature, while the integral over ¢, was evaluated by Gauss-Chebchev
quadrature taking advantage of the symmetry of the integrand about
@4 =m. After careful tests, quadrature parameters were found that gave a
satisfactory compromise between speed and accuracy. For the radial
integrals, four panels were used with r/o as follows: [0, 0.7] with 10 inter-
vals, [0.7, 1.3] with 20 intervals, [ 1.3, 2.0] with 10 intervals, and [2.0, 5.0]
with 20 intervals. In the case of each angular integral, 30 quadrature inter-
vals were used. The estimated numerical uncertainty of B} = B,/b] is the

840, 18.3-5
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larger of 10~* and 1%; this has a negligible effect in the present calcula-
tions. The method was also tested for the case of a pairwise additive
Lennard-Jones system and the results were in good agreement with those
of Henderson and Oden [18]. To minimize the computational effort, all
terms contributing to B, and T'BY’ (for i=1, 2) were calculated together
and each of the nearly 6 x 10” geometric configurations was therefore con-
sidered only once at each temperature.

4. THE FIT TO THE SPEED OF SOUND

Experimental speeds of sound in propane were available on seven
isotherms at temperatures between 225 and 375 K with pressures up to the
lesser of 0.85 MPa and 80 % of the vapor pressure [11]. This corresponds
to amount-of-substance densities no greater than about 0.37 mol-dm*
and justifies the neglect of virial coefficients higher than the fourth. As a
numerical example, the leading four terms in the series for Z as calculated
from the final model at 7= 300 K and p,, =0.37 mol-dm ~* are 1, —0.14222,
+0.00233, and -0.00006. The convergence remains very good even at
lower temperatures, where C and D diverge toward — oo, because of the
rapid decline in the saturated-vapor density. The experimental data have a
high precision and each isotherm is smooth to within a few parts per
million. Furthermore, the values of C% (T;) used in the analysis were
those obtained by Trusler and Zarari [11] from an extrapolation of the
same speeds of sound to the limit of zero density, where u®>=
RT(C®, 4+ R)/MC%, . Since the use of these values forces agreement
between the model and the data in the limit of zero density, the
appropriate standard deviation for use in connection with Eq. (15) is one
based on the estimated uncertainty of u/u, on each isotherm, where u, =
Lim, _ o(u). Accordingly, s; was set equal to 0.002m/s (approximately
10 ppm) for all points and this figure encompasses both the observed
precision of the data and the uncertainty propagated from the estimated
uncertainties in temperature and pressure.

It was found that the results were sensitive to the parameters ¢, r,,,
and v,»; and to one but not both of the parameters m and y. Accordingly,
y was constrained somewhat arbitrarly to the value 10 and the remaining
four parameters (e, r,, m, and v,;) were optimized in the regression
analysis. Crude initial values for the parameters in the pair potential came
from a preliminary fit to the second acoustic virial coefficients of propane
[19, 20]. The initial value of the three-molecule dispersion coefficient v,
was estimated from the relation

V)03 =30 Ce/4 (17)
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Fig. 2. Fractional deviations Au/u of experimental speeds of
sound from the fit: W, 225 K; @, 250 K: A, 275 K: O. 300 K:
CL.325K: A, 350K: @, 375K,

where a is the mean polarizability of the molecule and Cy is the leading
isotropic two-molecule dispersion coefficient. In the present case, a was
estimated from the refractive index and C, was set equal to the coefficient
of r~%in Eq. (7) evaluated at r =r,,. The crude initial parameters were first
refined during a regression analysis in which B, and its temperature
derivatives were neglected entirely. This led to the following “initial” values:

ro, = 0.48430 nm

e/k =566.30 K

m=69.5586 (18)
y=10

vy23/k =0.04732 K - nm°

Then B, and its temperature derivatives were calculated and the final
analysis was started. This full analysis resulted in only small changes in the
parameters and it was therefore necessary to recalculate the terms involving
B, only once. The final values obtained for the parameters are as follows:

rn = 0.48620 nm

e/k =560.56 K
m=67.0328 (19)
y=10

Vi2:/k =0.04589 K - nm’
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The standard deviations of the fit was 0.002 m -s ', the maximum absolute
deviation was 0.006 m-s~', and y*=1.3.

The deviations of the experimental speeds of sound from those given
by the final model are shown in Fig. 2. It is clear that, while very small in
absolute terms, there are some systematic deviations from the model which
exceed the imprecision of the data. However, those deviations cannot be
ascribed definitely to limitations in the model, as the value of y* indicates
that the data are fitted essentially within their overall uncertainty. Attempts
to eliminate or reduce the deviations by adoption of an alternative poten-
tial model failed. For example, when fits were made with y constrained to
values other than 10, there was almost no change in the deviations, and
although m changed, the overall potential model obtained was almost-
identical to that reported here. The situation depicted in Fig. 2 is therefore
considered to be the best that can be achieved by the methods employed
here.

5. THE EQUATION OF STATE

The coefficients of the truncated virial equation of state proposed here
for propane are specified, through the relations in Section 2, by the five
parameters given in Egs. (19). However, as this is not a particularly
efficient route for repetitive calculations, the equation of state is presented
here in the form of a look-up table for the virial coefficients and their
first two temperature derivatives together with a specified method of inter-
polation.

To retain a high numerical accuracy without the use of an excessively
large look-up table, a change of variables was made from T to the reduced
reciprocal temperature =¢/kT in terms of which

aBy_ B,
dr dr
(20)
,d*B, ,d’B, _ dBy
Ra — Z 2
L

This is especially advantageous for B,, which is nearly linear in 7 and is
also the term required with the greatest accuracy. The results, in the dimen-
sionless form of B¥ and each of its first three derivatives with respect to r,
are given in Table] for the interval 0.8 <7<28 (corresponding approx-
imately to the temperature range 200 to 700 K).
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The recommended method of interpolation between adjacent points t,
and t, is by means of the cubic polynomial P(7) defined in that interval by

P(t)=a(t—1)+blt—1) +{clt—1))+dlr— 1)} (r—1 )t —13) (2])

The coefficients of this polynomial are chosen so as to reproduce exactly
the tabulated values of the function f and its first derivative f' = df/dr at
both r=1, and t=1,. Thus

b= —f(r )/(Ar)
c={/"(t)/(47)*} = {(a+ b)/(d7)*}
d={f"(t )/(Ar)} {(a+b)/(Ar)2}

(22)

where f may be B, or either its first or second derivative with respect
to 7.

To permit interpolation of d?B%/dt?, Tablel includes values of the
third derivatives d*B*/dt*. For N=2 or 3, d*B¥/dt’ was obtained from
d*B*/dT* and the lower-order derivatives, while d*B}/dT* was evaluated
by quadrature in the same way as described for B,. However, d’B}/dt*
was not calculated directly; instead, this quantity was determined by
numerical differentiation of d?B¥/dt”.

The method of interpolation is highly accurate and ensures consistency
between each term and the next higher derivative at all tabulated points.
The accuracy of the method has been tested for N =2 and 3 by comparing
interpolated values with directly calculated results. In the cases of B,,
TB.", and T>B'?, the interpolation is accurate to within 10 ¢ dm® - mol -
over the entire temperature range represented in Table I and this leads to
negligible additional uncertainty in all thermodynamic properties at sub-
critical densities. For N =3 and temperatures near 360 K, B, is given to
within +0.4x10~°dm® - mol =2, TB\" to within +4x 10 °dm® mol 7,
and T*B\* to within +30x 10~ °dm®-mol ~. These figures correspond to
numerical errors of 3 ppm in Z and 10 ppm in C,., at the density of the
saturated vapor (approximately 2.5 mol-dm ~*). At lower temperatures,
the interpolation accuracy for B, and its derivatives deteriortates but the
observable consequences of such errors remain negligible because of
the rapid decline in the saturated vapor density. At higher temperatures,
the interpolation accuracy improves. Interpolation errors in B, and its
derivatives are thought to be insignificant compared with other uncer-
tainties including the relatively low numerical accuracy to which these
quantities were calculated in the first place.
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All configurational thermodynamic properties of gaseous propane may
be calculated from the equation of state model presented in this paper. The
entries in Table I permit calculations to be made in the temperature range
200 to 700 K and it is argued below that the equation is useful at densities
up to about p¢ /4 over this entire temperature range (p¢ =4.955 mol - dm )
[22].

To obtain caloric properties, the heat capacity of the perfect gas (or
equivalent information) is required. As discussed above, experimental
results are available from the speed of sound data of Trusler and Zarari in
the temperature range 225 to 375 K [11]. Wide-ranging results calculated
from spectroscopic data are also available [21] but unfortunately they are
about 0.4% greater than the experimental data in the overlapping tem-
perature range. The differences considerably exceed the experimental uncer-
tainties (which include an allowance for the possible presence of undetected
impurities) and therefore suggest that some revision of the calculated
values may be needed. For the present, the correlation given by Trusler
and Zarari is recommended [11]:

Cre /R= —0.4362+8.14470 4+ 1.15320 " (23)

pom

Here 9= T/(300 K) and the correlation is valid in the temperature range
225 to 375 K.

6. COMPARISON WITH OTHER EXPERIMENTAL DATA

The truncated virial equation of state together with the experimental
perfect-gas heat capacities provide a very precise representation of the
experimental speeds of sound. Even when Eq. (23) is used in place of the
experimental value of CP% on each isotherm, the agreement is always
within 0.01%. In the region of temperature and density in which the model
has been optimized, it is likely that all the thermodynamic properties are
given with a very high accuracy but there are really very few other
experimental data in that region against which to test this assertion.
However, the equation of state can be severely tested by comparison with
the pVT data of Thomas and Harrison [22], which, for the gas phase, refer
to the region 323.15< T<623.15K and p, > 0.8 mol-dm . A comparison
with those results involves an extrapolation to at least twice the greatest
density used in the fitting procedure and may be used both to test the
ability of the model to extrapolate upward in temperature and density and,
by inference, to estimate the uncertainty at lower densities.

Figure 3 shows deviations 4Z of the experimental compression factors
reported by Thomas and Harrison from those calculated from the present
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Fig. 3. Deviations 4Z of experimental compressions factors [22]
from the predictions of the model on the critical isotherm. @, 4Z:;
——. fit o AZ =cp: +dp’.

equation of state on the critical 1sotherm (7°=369.85 K) at densities up
to 2.5mol-dm™". In the upper half of this range, there are deviations
which substancially exceed the experimental uncertainty of +3x107*Z.
An interpolation indicates that AZ exceeds this uncertainty when p, >
1.35 mol - dm ~? or, conversely, that for p, < 1.35mol-dm~? the equation
of state agrees with the experimental data. The disagreement reaches 0.1%
at p,~ 1.6 mol-dm ™" Figure 4 shows 4Z as a function of T for the four
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Fig. 4. Deviations 4Z of experimental compression factors [22] from
the predictions of the model on four isochores: @, 0.8 mol.dm ™%
W, 10mol.dm~* A, 1.5mol.-dm~% C, 20 mol -dm~*.
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lower isochores reported by Thomas and Harrison: p,,/(mol-dm ~?)=0.8,
1.0, 1.5, and 2.0. The evidence of this figure suggests that the present equa-
tion of state is not in error by more than 0.03% in the whole region above
the critical temperature at densities up to at least p§ /4.

In the subcritical region, there are very few data with which to com-
pare the equation of state. Thomas and Harrison report vapor pressures p”
for T=258.15K and saturated vapor densities p% for T>323.15K. The
present equation of state applies only to the gas phase and cannot therefore
be solved for vapor-liquid equilibrium. However, the density correspond-
ing to the experimentally determined p” may be calculated and a compari-
sion of the results with the experimental p¢ indicates agreement to within
0.04% at T=323.15 K (where p{ = p;/5.6) and to within 0.1% at 333.15 K
(where p7=xp¢/4.4). At higher temperatures, and thus high densities, the
calculated values diverge from the experimental results. This comparison
therefore indicates that the equation of state comes into agreement with the
experimental results at subcritical temperatures when p,, falls below about
pS/5. A reasonable conclusion to draw from this comparison is that the
equation of state is correct to within about 0.04% in Z at temperatures
near 323.15K for all densities up to p?; indeed, the accuracy is most
probably very much better at lower densities.

Although errors in the virial coefficients may grow rapidly as the
model is extrapolated to low temperatures, the decline in the saturated
vapor density appears to be such that the consequences of such errors for
predictions of vapor-phase properties diminish. This is associated with the
fact that the saturated vapor becomes more nearly ideal as the temperature

0.40 T T
L
L ]
A o a
g © 2 . ? | ]
o W0 s o
G 000 froe® O O e 1
b » *
(=}
2 - A . [] . o
.
]
-0.40 : .
0.00 0.50 1.00 1.50
p, MPa

Fig. 5. Deviations 4C,,, of experimental isobaric heat capacities
[23] from the predictions of the model: @, 293.15 K; W, 313.15K:
A, 33315K; O, 353.15K.
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1s lowered despite the divergence of the virial coefficients. Thus the model
is expected to be reliable at temperatures at least down to 200 K.

Apart from virial coefficients, which are discussed briefly below, the
only other precise experimental data available in the subcritical region are
the isobaric heat capacities reported by Ernst and Bisser [ 23], which have
a claimed uncertainty of 0.1 %. These data are compared in Fig. 5 with the
predictions based on the present equation of state with C e from Eq. (23);
the agreement is generally within 0.2%. The results on the isotherm at
293.15 K agree rather less well and deviate by about 0.4% in the limit of
zero pressure. That deviation far exceeds the uncertainty of Eq.(23) and
suggests that there may be errors in the caliometric data that significantly
exceed the uncertainty.

7. THE VIRIAL COEFFICIENTS OF PROPANE

As a result of this study and the earlier work of Thomas and Harrison
[22] both the second and the third virial coefficients of propane appear to
be well established at temperatures between 225 and 623.15 K. As shown in
Fig. 6, the model pair potential predicts second virial coefficients that agree
very closely with those of Thomas and Harrison over the entire tem-
perature range studied by the latter. Comparisons with other values of B,
available in the literature were also generally good [24]. The estimated
uncertainty of the calculated second virial coeflicients is 0.002 dm® - mol ~' at
225 K., declining to 0.0005 dm*-mol ="' at 300 K and to 0.0002 dm*- mol '
for T = 350 K. These uncertainty estimates are based on the following three
considerations: first, the changes in B, found when an alternative model
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Fig. 6. Deviations 4B, of experimental second virial coeflicients
[22] from the predictions of the model.
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Fig. 7. Comparison of experimental and predicted third virial
coeflicients; ——, predicted; @, experimental [22].

pair potential was fit to the speed of sound; second, the changes when
terms in the fourth virial coefficient were dropped from the fit; and third,
a comparison with the results of Thomas and Harrison.

The predicted values of B, are compared with those of Thomas and
Harrison in Fig. 7 and the agreement must be regarded as good. The
estimated uncertainty in the predicted third virial coefficients, obtained in
the same way as for B,, varies from 0.001 dm® -mol * at 225K to
0.0003 dm® - mol ~* at 623.15 K.

Figure 8 shows the present values of B, in comparison with those
reported by Thomas and Harrison. Clearly, there is little agreement in this

T T T
100 | 1
50 [ | .
z :, .
i L
’E / * = o a.?
S P .. ® e _— ----4
E o0 ¢« o LR
o i
E i
50 [ 4
i
i
!
-10.0 : : :
300 400 500 600

T.K

Fig. 8. Comparison of experimental and predicted fourth virial
coefficients: ——, predicted: @, experimental [22].
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case. Since the experimental fourth virial coefficients reported in Ref 22
appear to be consistent with the p¥'T data and significant in the light of the
claimed uncertainties, the tentative conclusion is that the present model
fails at the fourth virial coefficient.

Interestingly, values of B, and B, predicted by the model with
parameters from Egs. (18), obtained under the assumption B, =0, are in
equally good agreement with experiment.

8. PROPERTIES OF THE SATURATED VAPOR

No accurate measurements of the properties of saturated propane
vapor, other than of the vapor pressure itself, are available for tem-
peratures below 323.15 K. Consequently, it would seem useful to calculate
saturation properties from the combination of the present model with an
expression for the saturated vapor pressure. Such calculations have been
made for the temperature range 258.15 to 323.15 K with vapor pressures
from the smoothing equation given in Ref. 22 and the results are presented
in Table II. Based on the comparisons given above and the uncertainty of
the vapor pressure equation [22], the density and compression factor of
the saturated vapor should not be in error by more than about 0.05%.
A similar uncertainty should be attached to the speed of sound. The uncer-
tainty of the isochoric heat capacity is more difficult to estimated but is
probably not more than 0.2 %.

Table II. Properties of Saturated Propane Vapor

T P P u

(K) (MPa)  (mol-m~?) z CpmlR Cy /R (m-s~")
258.15 0.29189 147.58 0.92144 7.1919 8.6290 221.814
260.00 0.31092 156.69 0.91792 7.2433 8.7041 221.847
265.00 0.36709 183.51 0.90788 7.3842 8.9150 221.794
270.00 0.43057 213.80 0.89710 7.5280 9.1385 221.524
275.00 0.50194 247.89 0.88556 7.6749 9.3763 221.029
280.00 0.58177 286.18 0.87322 7.8249 9.6305 220.297
285.00 0.67065 329.07 0.86007 7.9781 9.9035 219319
290.00 0.76919 377.04 0.84607 8.1348 10.1984 218.082
295.00 0.87798 430.66 0.83119 8.2950 10.5194 216.573
300.00 0.99768 490.54 0.81538 8.4590 10.8715 214.780
305.00 1.12891 557.44 0.79859 8.6272 11.2618 212.686
310.00 1.27234 632.24 0.78077 8.8000 11.6993 210.274
315.00 1.42866 716.03 0.76182 8.9776 12.1962 207.526
320.00 1.59860 810.13 0.74165 9.1606 12.7702 204.421

32315 1.71299 875.44 0.72826 9.2794 13.1825 202272
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9. CONCLUSIONS

The results presented in this paper comprise an accurate equation of
state for gaseous propane at densities up to about one-quarter of the criti-
cal. Below about 1 mol-dm ™7, the results are believed to be more accurate
than previous correlations, but above about 1.5 mol-dm ~* the predictions
of the model start to deviate significantly from experimental data.

Based on these results, it appears that a simple isotropic model of the
pair potential, coupled with the Axilrod-Teller triple-dipole term, can
provide an accurate description of the equation of state up to the third
virial coefficient. There is evidence that the model fails at the fourth virial
coefficient. Since the discrepancies shown in Fig. 8 are large compared with
the calculated nonadditive contribution to B,, the failing might be due to
the approximate treatment of pairwise intermolecular forces. That failing
might be attributed in turn to either or both of the main assumptions:
that the molecular framework is rigid and that the potential is isotropic.
Resolution of that issue would require calculations of B, for more realistic
potential models. In the meantime, it appears that inclusion of fourth virial
coefficients in a procedure such as that described here offers little advan-
tage. The alternative approach of abandoning a single pair potential in
favor of the use of different models to represent some virial coefficients has
been considered [ 10]. While evidently more empirical, this would probably
permit an improved representation of B,. However, in the present case, the
acoustic data upon which the fit was based do not extend to sufficiently
high densities to justify the inclusion of additional parameters pertaining
only to virial coefficients beyond the third.

Although beyond the scope of this work, it is also clear that the addi-
tion to the truncated virial series of a small number of empirical terms
would permit greatly improved representation of the p¥T surface at higher
densities.
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